Momentum noise in a quantum point contact 
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Ballistic electrons flowing through a constriction can transfer momentum to the lattice and 
excite a vibration of a free-standing conductor. We show (both numerically and analytically) that 
the electromechanical noise power P does not vanish on the plateaus of quantized conductance — in 
contrast to the current noise. The dependence of P on the constriction width can be oscillatory or 
stepwise, depending on the geometry. The stepwise increase amounts to an approximate quantization 
of momentum noise. 

PACS numbers: 85.85.+j, 73. 23. Ad, 73.50.Td, 73.63.Rt 



Not long after the discovery of conductance quantiza- 
tion in a ballistic constriction M it was predicted that the 
quantization is noiseless : The time dependent current 
fluctuations should vanish at low temperatures on the 
plateaus of quantized conductance and they should peak 
in the transition from one plateau to the next. The con- 
clusive experimental verification of this prediction fol- 
lowed many years later ||, delayed by the difficulty of 
eliminating extraneous sources of noise. The notion of 
noiseless quantum ballistic transport is now well estab- 
lished (§. 

The origin of noiseless transport lies in the fact that 
the eigenvalues T n of the transmission matrix prod- 
uct ttf take only the values or 1 on a conductance 
plateau. The current noise power at zero tempera- 
ture Pi cx ^2 n T n (l — T n ) then vanishes ||. In other 
words, current fluctuations require partially filled scat- 
tering channels, which are incompatible with a quantized 
conductance. 

In this paper we point out that the notion of noiseless 
quantum ballistic transport does not apply if one consid- 
ers momentum transfer instead of charge transfer. Mo- 
mentum noise created by an electrical current (socalled 
electromechanical noise) has been studied in the tunnel- 
ing regime g and in a diffusive conductor [Q, but not 
yet in connection with ballistic transport. Our analysis is 
based on a recent scattering matrix representation of the 
momentum noise power P according to which P de- 
pends not only on the transmission eigenvalues but also 
on the eigenvectors. This makes it possible for the elec- 
trons to generate noise even in the absence of partially 
filled scattering channels. 

The geometry is shown schematically in Fig. [[[ We 
consider a two-dimensional electron gas channel in the 
x-y plane. The width of the channel in the y-direction 
is W and the length in the x-direction is L. The chan- 
nel contains a narrow constriction of length SL <C L and 
width 5W <C W located at a distance L' from the left 
end. (We choose x = at the middle of the constriction, 
so that the channel extends from —L' < x < L — L' .) 
A voltage V drives a current through the constriction, 
exciting a vibration of the channel. We seek the low- 
frequency noise power 
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P = 2 / dtSF{Q)SF{t) = lim -AT(t) 2 (1) 
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of the fluctuating force SF(t) = F(t) — F that drives the 
vibration. The noise power is proportional to the vari- 
ance of the momentum /S!P{t) transferred by the elec- 
trons to the channel in a long time t. 

Depending on whether the channel is free to vibrate 
in the x or y direction, we distinguish a longitudinal 
vibration (with amplitude u(r) = u(x)x) and a trans- 
verse vibration (u(r) = u(x)y). If the electron gas is 
deposited on top of a doubly-clamped beam, then the 
channel should be oriented perpendicular to the beam 
for a longitudinal vibration and parallel to the beam for 
a transverse vibration. 

The wave functions are represented by scattering 
states. The incident wave has the form 4> n (r) = 
|M n /m* I -1 / 2 exp(ik n x)^ n (y), where m* is the effective 
mass, n = 1, 2, . . . TV is the mode index, the transverse 
wave function, and k n = ±(2to*/^ 2 ) 1 / 2 (£; f - En) 1 / 2 the 
longitudinal wave vector (at Fermi energy Ep larger than 
the cutoff energy E n ). We take k n positive to the left 
and negative to the right of the constriction. Incident 
and outgoing waves are related by the 27V x 27V unitary 
scattering matrix 
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FIG. 1. Schematic diagram of a two-dimensional chan- 
nel containing a constriction. The current flows in the 
a;-direction, the channel is free to vibrate either in the 
a;-direction (longitudinal vibration) or in the y-direction 
(transverse vibration) . 
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containing the N x N transmission and reflection matri- 
ces t 1 , r, r' . We assume time reversal symmetry, so that 
<&„ is real and S is symmetric. 

As derived in Ref. the noise power P and the 
mean force F for a localized scatterer can be expressed in 
terms of the matrix S and a Hermitian matrix M nn > — 
J2 a p( n \Pa u a/3Pp\n'} of expectation values in the 
basis of incident modes. The expectation value is taken 
of the electron momentum flux m*~ 1 p a p[3, weighted by 
the strain tensor u a p — \{du a jdxp + dup/dx a ). The 
matrix M. is block-diagonal, 
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At zero temperature and to first order in the voltage one 
has, for a two-fold spin degeneracy, 



P = -^Tr (rr^Mlt't'Hll + r'r'^M^M^ 
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In Eq. (|^) we have not included the equilibrium contri- 
bution to the mean force (at V = 0). Electron-electron 
interactions (screening) are not accounted for, since we 
do not expect any appreciable charge accumulation in a 
ballistic system. 

For a longitudinal vibration one has simply (M-^) nm = 
— (Ma) nm = 6 nm % \k n \ it(0). For a transverse vibration 
the blocks Ml, Mr are not diagonal, 
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The integral over x extends over the region (— L', —5L/2) 
to the left of the constriction for Ml and over the region 
(5L/2,L — L') to the right of the constriction for Mr. 
We abbreviate q nm — k m — k n . For \n — m\ of order 
unity one has q nm of order 1/W, so that the range of 
x that contributes to the integral is of order W. (Con- 
tributions from inside the constriction are smaller by a 
factor min (5W, 8L)/W.) Since W is much greater than 
the Fermi wave length Xp, we are justified in using the 
asymptotic plane wave form of the scattering states to 
calculate M. 

We take hard-wall boundary conditions at y = 
0,W, hence $„(y) = (2/VF) 1 / 2 sm(mry/W), E n = 
{h 2 /2m*){mr/W) 2 , N = [2W/X F ], and (k n + k m )q nm = 
(■K/W) 2 {n 2 - to 2 ). The overlap f Q dy$ n & m is eval- 
uated straightforwardly, but the integration over x re- 
quires more care. The derivative u'(x) of the mode pro- 
file vanishes at the two clamped ends of the beam, as 



well as at its center. We assume that the constriction is 
off-center, therefore u'(±8L/2) w u'(0) ^ 0. We write 
u'(0) = uq/L, with uq a number of order unity. Upon 
partial integration we find, to first order in W/L, 
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(The upper sign is for region L, the lower sign for region 
R.) We thus arrive for the transverse vibration at the 
result M L = -M R = M, with 
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The symbol a nm — \ + (—1)"+™] selects indices of the 
same parity, so that M nm = if n and to are both even 
or both odd. 
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FIG. 2. Solid lines: noise power P for transverse vibration 
versus width of constriction 5W, at fixed width W = 49.9 \f 
of the wide channel. The left panels are for a short constric- 
tion with and without axial symmetry. The right panels are 
the corresponding results for a long constriction. The dotted 
line is the current noise Pi in units of e 3 V/h (which is nearly 
the same with and without axial symmetry). 
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FIG. 3. Solid lines: average transverse force as a function 
of constriction width, in the absence of axial symmetry (posi- 
tive values point in the positive y-direction in the geometry of 
Fig. [IJ for a current flowing in the positive x-direction) . The 
left and right panels are for a short and long constriction, re- 
spectively. The conductance of the constriction is shown as 
a dotted line. The average transverse force is identically zero 
for the axially symmetric geometry (W' = W/2). 



Our constriction has left-right symmetry, so r = r' and 
t = t' . We contrast the case W = of axial symme- 
try with the case W <C \W of a constriction placed 
highly off-axis. We also contrast the short-constriction 
case SL <C W (point contact geometry) with the long- 
constriction case SL 3> W (microbridge geometry). The 
reflection and transmission matrices are calculated by 
matching wavefunction modes at x — ±SL/2, cf. Ref. 
||. We first discuss the case of a transverse vibration, 
which has the richest dependence on the geometry. 

In Fig. |^ we show the dependence of the transverse 
noise power P [in units of Pq = (4eV/h)(NuQ?i/L) 2 ] 
on the width SW of the constriction, at fixed width 
W of the wide channel. (We choose W — 49.9 Xp, so 
N = 99.) The average transverse force F is shown in 
Fig. |_ normalized by F = (2eV/h)(Nu h/L). (Note 
that F = for the axially symmetric case.) The con- 
ductance G = (2e 2 / h)Tr tt^ and the current noise Pj = 
(4e 3 V/ h)Tr tt^ (1— tv) are included in these plots for com- 
parison. 

The plots show a remarkably varied behavior: For 
the short constriction without axial symmetry the noise 
power P of the transverse force oscillates as a function 
of the constriction width SW, in much the same way as 
the current noise power Pj oscillates However, the 

minima in P do not go to zero like the minima in Pi, 
demonstrating non-zero momentum noise on the plateaus 
of quantized conductance. If the short constriction is 
precisely at the center of the channel, P increases nearly 
monotonically with SW. For a long constriction P in- 
creases nearly monotonically regardless of whether there 
is axial symmetry or not. The increase of the noise power 



is stepwise, reminiscent of the conductance. (The current 
noise in the long constriction remains oscillatory.) The 
mean transverse force behaves similarly to the conduc- 
tance for the short constriction, but fluctuates around 
zero for the long constriction. 

In order to explain the approximate quantization of 
momentum noise in analytical terms it is convenient 
to decompose the (symmetric) transmission matrix as 



where U is an N x N uni- 



tary matrix and T n € [0, 1] is the transmission eigenvalue 
(eigenvalue of ttf). Similarly, the reflection matrix is de- 
composed as r nm = iJ2n' Unn'Umn'y/l — Tn' ■ In this 
representation Eq. (^) takes the form 

P=^Y,\ X ^\ 2 [^'T n )T m 

n.m 

+ [T n (l-T n )T m (l-T m )} 1 ' 2 ], X = UHl*U. (9) 

The matrix M couples only mode indices of different par- 
ity, cf . Eq. (^) . The presence or absence of axial symme- 
try manifests itself in the matrix U, which couples only 
indices of the same parity if W' = W/2. In this axially 
symmetric case X nrn = if n, m have the same parity. 

In a simple model JT(| of a long and narrow ballis- 
tic microbridge, U is a random matrix while the trans- 
mission eigenvalues take on only two values: T n = 1 
for 1 < n < SN and T n = for 5N < n < N. 
The number SN = [2SW/Xf] is the quantized conduc- 
tance of the constriction (in units of 2e 2 /h). Aver- 
ages of U over the unitary group introduce Kronecker 
delta's (cf. App. B in Ref. pi). We need the average 
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in the axially symmetric case. 

Substituting these values of T n into Eq. (||) and av- 
eraging over U with the help of Eqs. ([h]) and (|li"|), we 
find 
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regardless of whether axial symmetry is present or not. 
We thus obtain a stepwise increase of P as a function 
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of 5W with step height AP = (7r 2 /9)P - The numeri- 
cally obtained step height in Fig. ^ agrees within 10% 
with the analytical estimate for the first step. For sub- 
sequent steps the agreement becomes worse, presumably 
because the approximation of a uniform distribution of 
U breaks down as 5W increases. We can also calculate 
the mean transverse force in the same way, starting from 
Eq. (||), and find F oc TrM = 0, in accordance with the 
numerical result that F <C Fq for a long constriction. 

In the short-constriction case SL -C W we may not 
treat U as uniformly distributed in the unitary group, 
and this has prevented us from finding a simple analyti- 
cal representation of the numerical data. 

In Fig. U we show the noise power for longitudinal 
vibration. It does not depend on the presence or ab- 
sence of axial symmetry and is also rather insensitive 
to the length of the constriction. The order of mag- 
nitude of the longitudinal noise power is (4eV/h)p F , 
with pp — hkp the Fermi momentum. This is larger 
than the typical transverse noise power Po by a factor 
of order (kpL/N) 2 ~ (L/W) 2 . Inserting parameters 
V = 1 mV, kp — 10 s m _1 , typical for a two-dimensional 
electron gas, one estimates (AeV/h)pp ~ 1CP 40 N 2 /Hz. 
This is below the force sensitivity of present day nanome- 
chanical oscillators, but is hoped to be reached in future 
generations of these devices |ll]] . 
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FIG. 4. Noise power for longitudinal vibration of a short 
constriction (left panel) and a long constriction (right panel) . 
These plots are for W' = W/2, but there is no noticeable de- 
pendence on the ratio W'/W. The mean longitudinal force 
(not shown) decreases stepwise as a function of 8W in both 
the short and long constriction. 



In summary, we have demonstrated that the momen- 
tum noise of ballistic electrons does not vanish on the 
plateaus of quantized conductance. Conductance quan- 
tization requires absence of backscattering in the con- 
striction, but it does not preclude inter-mode scattering. 
Momentum noise makes this inter-mode scattering visi- 
ble in a way that current noise can not. The dependence 
of the momentum noise on the constriction width was 
found to be remarkably varied, ranging from oscillatory 
to stepwise, depending on the direction of the vibration 
(longitudinal or transverse to the constriction) , the pres- 
ence or absence of axial symmetry, and the length of the 
constriction. The stepwise increase amounts to a quan- 
tum of momentum noise that might be observable with 
an ultrasensitive oscillator. 
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